We implement dynamic control of a superradiant, cold atom 87 Rb Raman laser to realize the equivalent of conditional Ramsey spectroscopy for sensing atomic phase shifts. Our method uses the non-demolition mapping of the collective quantum phase of an ensemble of two-level atoms onto the phase of a detected cavity light field. We show that the fundamental precision of the non-demolition measurement can theoretically approach the standard quantum limit on phase estimation for a coherent spin state, the traditional benchmark for Ramsey spectroscopy. Finally, we propose a hybrid optical lattice clock based on this method that combines continuous and discrete measurements to realize both high precision and accuracy.
Dynamically tunable interactions between atoms are essential to a wide range of recent advances including quantum logic gates [1, 2] , the realization of ultracold polar molecules [3] , and quantum simulations of quantum many-body systems [4, 5] . In the field of precision measurement, interactions can lead to collective effects that improve precision. Examples in which phase resolution is enhanced through interactions include interferometry using soliton matter waves [6, 7] and spin-squeezed states of matter (including ions [8] , thermal gases [9] [10] [11] [12] , and quantum degenerate gases [13, 14] ). As another example, short range collisional interactions between atoms can create spin locking for enhanced coherence times for improving precision [15] . Similarly, the spontaneous synchronization of atomic dipoles, mediated by the cavity field in masers [16, 17] and superradiant lasers [18, 19] generate collective coherence times greater than single particle coherence times.
However, interactions can also cause systematic errors and long term instabilities, e.g., collisional shifts in atomic clocks [21] or matter wave interferometers [22] . Dynamically tunable interactions offer the benefit over static interactions in that they can be turned on to first create desired collective phenomena and then later turned off to allow high accuracy measurements, free from perturbations associated with both the interactions and the control mechanism. Here, we provide a proof-ofprinciple demonstration and analysis of how cavity mediated interactions can be controlled to create long coherence times, enable high precision non-demolition measurements of atomic coherence, and enable high accuracy, Ramsey-like measurements in a single system. Specifically, this Letter consists of three new results. First, we provide a proof-of-principle experimental demonstration of a novel atomic sensor based on a dynamically tunable optical Raman superradiant laser between ground states of 87 Rb (Fig. 1a and 1b ) [19] . Because the atoms act as the primary reservoir of phase information in this laser, we show that the active oscillation can be interspersed at-will with periods of passive atomic phase evolution to sense an applied phase shift (Fig. 1c) . The mode of operation (passive or active) is determined solely by whether cavity-mediated optical interactions between the atoms are enabled by an externally applied Raman dressing laser. The hybrid active/passive sensor operates quasi-continuously with a high repetition rate, because the atomic phase accumulated during a passive period is mapped onto the phase of the light emitted in subsequent periods of active oscillation (Fig. 1d ) in a manner that does not destroy the ensemble, as is often the case for fluorescence detection [23] .
Secondly, we provide a theoretical analysis of the fundamental limitations on phase estimation sensitivity for an ideal three-level superradiant atomic sensor. The analysis shows that the output light provides sufficient information to continuously track the evolving phase of the atomic coherence with a precision near the standard quantum limit (SQL) on phase resolution for a coherent spin state (∆φ SQL ) 2 = 1/N . This result is conceptually important for fundamental understanding of how quantum noise sources (specifically Schawlow-Townes phase diffusion and vacuum noise) combine to limit our fundamental knowledge of the instantaneous value of the collective atomic phase. In addition, the result demonstrates that little fundamental precision needs to be sacrificed for the future hybrid oscillators proposed here, relative to utilizing traditional Ramsey spectroscopy [24] .
Thirdly, we propose how the model system we demonstrate could be realized in an optical lattice clock [25] with the goal of building a clock with both high short term stability derived from high measurement bandwidth during active oscillation and high accuracy due to periods of passive oscillation with low systematic perturbations. Such an approach may be important for moving high precision optical clocks out of carefully controlled laboratory environments for diverse applications [26] .
This paper is related to other work on engineering and dynamic control of the coupling between large ensembles ψ(t) (rad) The atoms are incoherently repumped back to |↑ at a rate w using two repumping lasers (green and purple). When the dressing and repumping lasers are off, the atoms remain in a superposition of |↑ and |↓ , with a quantum phase φ(t) that evolves at 6.834 GHz. (c) Emitted light phase ψ(t). The superradiant emission continuously maps φ(t) onto ψ(t). We measure a differential light phase ψ(T ) − ψ(0) during a free evolution time T using dynamic control of γ and w. (d) Graphic representation of mapping of the collective atomic Bloch vector [20] Jonto the phasor representing the emitted light field.
of atoms [27] [28] [29] [30] and single atoms [31, 32] in an optical cavity. This work is also related to the development of non-demolition [9, 10, 12] and sample-preserving [33] measurement techniques for neutral atoms that may improve measurement precision and mitigate aliasing noise [34] in atomic clocks. The storage of phase information in the atomic ensemble presented here is closely related to the field of quantum memories for quantum information [32, [35] [36] [37] [38] [39] .
We perform our proof-of-principle experiments using a cold atom, 87 Rb Raman laser (see Fig. 1 , Ref. [19] ). The laser operates deep into the bad-cavity, or superradiant, regime [40, 41] where the cavity power decay rate κ/2π = 11 MHz is much larger than all other relevant decay and scattering rates in the system. The laser utilizes N = 10 6 87 Rb atoms trapped in a 1-D optical lattice at 823 nm inside a moderate finesse F ≈ 700 optical cavity that also serves to mediate the long-range interactions between the atoms that drive spontaneous synchronization of the atomic dipoles.
Dynamic control of the interactions is achieved through a tunable optical Raman dressing laser, operating at 795 nm, inducing a decay rate γ/2π ≈ 1 Hz from
The dressing laser is tuned 1 GHz to the blue of an optically excited intermediate state |i = |F = 2 , and the rate at which a single atom would scatter photons from this laser into the resonant cavity mode is Γ c = Cγ, where C = 8 × 10 −3 is the single-particle cavity cooperativity parameter of cavity-QED [19] . The collective cooperativity satisfies the necessary condition for superradiance N C 1. Single-particle repumping is accomplished at an optimum repumping rate [18] w ≈ w pk = N Γ c /2 using separate lasers at 780 nm. All lasers can be switched on and off within 100 ns -much faster than the timescale on which atomic dynamics occur.
The ensemble of atoms can be represented by a Bloch vector J (Fig. 1d ) whose azimuthal phase φ(t) evolves in time at a rate set byφ(t) = E(t)/h, where E(t) is the instantaneous energy difference separating the two levels andh is the reduced Planck constant. Depending on the sensitivity of E(t) to environmental conditions, precise measurements of φ(t) correspond to measurements of the environment or time [42] .
The quantum phase φ(t) is not directly measurable and must be mapped onto an observable quantity. Badcavity active oscillators, such as masers or the present superradiant laser, continuously map the collective phase φ(t) onto the observable phase ψ(t) of an electromagnetic field (Fig. 1d) , because the rapidly decaying cavity field is slaved to the atomic coherence. Ignoring vacuum noise, the complex electric field phasor is given by A(t)e iψ(t) ∝ J ⊥ (t)e iφ(t) where J ⊥ (t) is the projection of the Bloch vector onto the x-y plane and A(t) is the amplitude of the electric field phasor. The optical phase measurement is equivalent to a continuous non-demolition measurement of the evolving atomic coherence, and can provide much higher measurement bandwidth over passive Ramsey-like evolution as occurs in atomic fountain clocks or optical lattice clocks.
To realize the equivalent of a passive Ramsey free evolution period, we perform the measurement sequence in Fig. 2 . We apply the dressing and repumping lasers to start steady-state superradiance for some period of time. We measure the phase ψ(t) and amplitude A(t) of the emitted light via heterodyne detection with respect to the dressing laser to remove the phase noise on the dressing laser. By splitting the resulting RF signal and simultaneously demodulating the two quadratures, we obtain both A(t) and ψ(t) simultaneously.
After the system has settled to steady state, we estimate the light phaseψ(0) just before we temporarily shut off the dressing and repumping lasers at a time we define as t = 0. We make the estimate using linear fits to 0.5 ms of ψ(t) data at times t < 0. After t = 0, the superradiant emission turns off, but the collective Bloch vector continues to precess at the microwave frequency 6.834 GHz. At time t = T , the repumping and dressing lasers are turned back on, and the phase of the light is once again estimated asψ(T ) using ψ(t) data at times t > T . The evolved atomic phase during the time period T is then estimated as
To demonstrate the sensing of an applied phase shift, we applied off-resonance microwaves that shift the |↑ to |↓ transition frequency for variable amounts of time t µ during the passive evolution period. The time required to create large phase shifts necessitated the removal of background dephasing from the optical lattice trap, so we applied two spin-echo π-pulses using a separate microwave source.
The differential light phaseψ(T ) −ψ(0) versus t µ is shown in Fig. 2b . The slope is in reasonable agreement with the theoretical prediction for the atomic frequency shift caused by the applied microwaves. Unlike in traditional Ramsey spectroscopy, there is no sinusoidal fringe because we measure phase, not atomic population. Thus, there is no need to operate near an optimal bias point because the light's phase can be measured with essentially equal sensitivity regardless of its value.
Next, we observe how the system behaves versus loss of coherence. We can observe the decay of the atomic coherence in the dynamics of re-establishment of superradiance at t = T . In Fig. 3 , we measure the amplitude of the emitted light field just before turn off A(0 − ) at t = 0 and just after turn on A(T + ) at t = T . When the evolution time T is short, the superradiance promptly returns to A(0 − ), but as the atomic coherence J ⊥ decays during the evolution time, A(T + ) decreases proportionally. The ratio of amplitudes A(T + )/A(0 − ) shown in Fig. 3b is well described by the fitted fringe contrast c(T ) as mea- . The blue curve is the loss of coherence c(t) as determined from an independent fit to the decay of contrast using traditional Ramsey microwave spectroscopy. (b, right) Measured (red circles) and predicted (dashed line) recovery time t80. The theoretical prediction uses the measured contrast decay function c(t) as an input and calculates t80 with a semi-classical rate equation model. The solid black curve is the prediction accounting for the lowpass filter that was applied to the data. The band around the data indicates 1 s. d. on each side of the data point. We attribute the fluctuations observed at short times to finite measurement precision. Each point is the average of 20 trials. sured using traditional microwave Ramsey spectroscopy with population readout.
The lost coherence during T is eventually restored as the oscillator returns to steady state. In Fig. 3b , the time t 80 at which A(T + t 80 )/A(0 − ) = 0.8 is measured and compared to a numerical theoretical prediction based on the observed atomic contrast c(T ). At short times, little coherence is lost, and the oscillator quickly reaches steady state after turn on because the remaining coherence provides a seed for the superradiance.
At very long times, the remaining atomic coherence is small. With no seed to restart the oscillation, the system must wait for a photon to be spontaneously scattered into the cavity mode to re-establish the coherence. The ran-dom nature of spontaneous emission also results in larger fluctuations in t 80 at large T (Fig. 3b) . We observe fluctuations of the same order as the predicted fluctuations in the time to reach the peak intensity of a superradiant pulse after preparation in the fully excited state [43] .
While the coherence times in this proof-of-principle experiment are limited by technical imperfections, such as differential lattice shifts, our experiment confirms the role of the collective atomic coherence in the hybrid sequence and demonstrates that the re-seeded light has a well defined emission phase, even in the presence of finite loss of coherence.
We also demonstrate coherence-preserving measurements by repeating on/off sequences to create a hybrid active/passive phase reference, shown in Fig. 4 . The free evolution times would ideally have high accuracy, while the active oscillation would have much greater measurement bandwidth. In Fig. 4 (a) and (b) we show two example experimental trials where only the duty cycle has changed. While the details are beyond the scope of the present work, the duty cycle of the measurements could be adjusted in real time for optimal overall phase stability and accuracy given knowledge of the environment. This might allow such a robust oscillator to be employed outside of the laboratory for both scientific and commercial applications.
Having demonstrated the measurement technique in a model system, we now consider the fundamental quality of the continuous non-demolition mapping of atomic phase φ(t) onto the field phase ψ(t) both in terms of the precision of the mapping and the rate at which information is gained (i.e. measurement bandwidth).
The quality of the mapping is limited by fundamental quantum noise in the form of Schawlow-Townes phase diffusion of the atomic coherence and photon shot noise on the measurement of the light phase. Employing a Kalman filter [44] analysis we find that the optimal estimate φ e (t) is an exponentially weighted average of ψ(t) with a weighting time constant τ W = 1/( √ qN Γ c ), assuming w = w pk and where q is the photon detection efficiency [45] . A single-pole, low pass filter could be used to implement such a running weighted average (Fig. 4a) . The mean squared error of the optimal estimator is σ 2 e = (φ e (t) − φ (t)) 2 = 2 √ qN . When q = 1, the error is within a factor of 2 of the standard quantum limit (SQL) on phase variance for a coherent spin state of N unentangled atoms (∆φ SQL ) 2 , a natural benchmark connecting to traditional Ramsey spectroscopy [45] . The impact of finite photon detection efficiency q < 1 is mitigated compared to what one would expect for the increase in the measurement photon shot noise alone. This is because photon losses can be partially compensated by an increased weighting constant τ W , a parallel result to that of quantum non-demolition measurements recently demonstrated in several systems [9, 10, 12] . The measured light phase ψ(t) is shown when the superradiance is switched on (black). The periods of evolution time, when the superradiance is switched off are shown as gray regions (random phase data not shown). The duty cycle can be chosen at will to minimize systematic errors at long time scales versus improving the measurement bandwidth. Parts (a) and (b) are two examples. Ideally, optimal estimates φe(t) of the desired underlying atomic phase φ(t) are obtained using an exponential weight function with time constant τW as shown by the blue and red curves shown in the first graph. The blue and red curves correspond to the weight functions before and after an evolution period respectively. The weighting function here is calculated for an ideal superradiant light source but with our experimental parameters of N , Γc, and q.
The Raman system presented in this work does not realize the predicted fundamental precision, primarily due to dispersive tuning of the cavity mode as described in Ref. [19] . However, the dispersive tuning of the cavity mode is not a flaw inherent to the tunable superradiant oscillator scheme, so these results should not be interpreted as a limitation to a future active/passive hybrid sensor.
Finally, we propose that future hybrid oscillators can be implemented on ultranarrow optical transitions. A number of schemes for inducing tunable decay rates γ of the excited state of alkaline-earth elements with strictly forbidden transitions have been demonstrated or proposed [46, 47] . As an example, a static magnetic field can induce a tunable decay rate γ on the strictly forbidden transition 3 P 0 to 1 S 0 in 174 Yb, as experimentally demonstrated in a passive optical lattice clock [46] . A decay linewidth of γ/2π = 0.2 Hz can be induced by a 0.1 Gauss magnetic field that could be switched on and off quite rapidly 1 ms. Assuming a cavity cooperativity C = 0.1, N = 10 5 , and q = 1, the weighting time τ W is only 80 µs, faster than both the obtainable single-particle decoherence time scales that limits T in a Ramsey-like experiment and the time needed to measure the populations using fluorescence detection. Alternatively, schemes that dynamically change the finesse of the cavity, such as Q switching, may also provide a dynamic control mechanism.
We have realized a proof-of-principle hybrid atomic sensor in a superradiant Raman laser, theoretically analyzed the fundamental quality of the non-demolition mapping of atomic coherence to light coherence, and proposed an implementation of a hybrid sensor in an optical lattice clock. Though the system demonstrated in this work is of limited use for precision measurement, it nevertheless points a way forward to developing a new class of atomic sensors and highlights unique properties for precision measurement that emerge from many-body systems with dynamically tunable interactions.
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Here we derive the optimal estimator φ e (t) of the quantum phase φ(t), and its mean squared error σ 2 e , given a measurement record ψ(t) of the phase of the superradiantly emitted optical field. We use the results from a continuous Kalman filter analysis with uncorrelated process noise and measurement noise [1] [2] [3] . Here the measurement noise corresponds to the photon shot noise that appears in the measurement of the light phase ψ(t) and the process noise corresponds to the phase diffusion of the collective atomic Bloch vector that sets the SchawlowTownes frequency linewidth limit.
Photon Shot Noise The measured phase of the radiated light is related to the underlying quantum phase φ(t) by, ψ(t) = φ(t) + ∆ψ(t) where the vacuum or photon shot noise adds the noise component ∆ψ(t). The noise is Poissonian and described by its lowest order moments as ∆ψ(t) = 0 and ∆ψ(t) ∆ψ(t + τ ) = δ(τ )Φ m . Here, Φ m is the power spectral noise density of phase fluctuations, and δ(τ ) is the Dirac delta function so that the measurement noise at different times is uncorrelated. The light phase variance for a measurement time ∆t is σ 2 m = Φ m /∆t = 1 4R d ∆t , where R d is the average rate of detected superradiantly-emitted photons using homodyne detection. At the optimum superradiant photon emission rate [4, 5] 
, obtained at a repumping rate w pk = N Γ c /2 where Γ c = Cγ is the singleparticle natural decay rate into the cavity mode. Taking into account finite quantum efficiency q, we find
Phase Diffusion In addition to measurement noise, the collective Bloch vector's quantum phase φ(t) diffuses with time as a result of quantum noise in the repumping process, the same mechanism that sets the SchawlowTownes frequency linewidth limit in a bad-cavity laser or maser [4, 6, 7] . As a result, values of φ(t) at different times are less correlated with one another as the time separation grows. Specifically, the two-time phase difference (as measured in an appropriate rotating frame) averaged over many trials is zero φ(t + τ ) − φ(t) = 0, but the variance of the phase difference grows linearly with the time difference τ as
The phase diffusion coefficient D for the superradiant source can be derived from the expectation value of the two-time raising and lowering atomic operator σ + (t + τ )σ − (t) in Ref. [8] and is
Assuming operation at the repumping rate w pk one finds D 2 = 2Γ c . For the Kalman filter analysis to follow, we need the spectrum of frequency fluctuations defined as
which can be shown to equal a constant D 2 .
Optimal Phase Estimation with Kalman filter
The Kalman filter [1] [2] [3] is designed to provide an optimal estimate φ e (t) of the phase φ(t) that minimizes the mean squared error in the estimate σ 2 e = (φ e (t) − φ(t)) 2 .
The Kalman filter assumes the state model and noise sources are well known, and the that the process noise and measurement noise are uncorrelated, an assumption we verify by extending the theoretical work of Ref. [6] to the spectrum of phase fluctuations in a homodyne measurement. For this simple case, the optimal Kalman filter takes the form of a single pole low-pass filter. In the time domain, this is equivalent to an exponential weighting of the measurement record characterized by the exponential time constant τ W . The time constant is the inverse of the Kalman gain K, which is calculated in steady state by a ratio of the noise spectral densities
assuming w = w pk . The optimal estimate is then the exponentially weighted average φ e (t) = 1 τ W t −∞ ψ (t ) e −(t−t )/τ W dt .
The mean squared error in the optimal estimate is given by the geometric mean of the noise spectral densities
Here we simply considered portions of the measurement record ψ(t) at times t ≤ t • , as this is the only information actually available were the superradiance to be shut off at time t • as part of a Ramsey-like measurement. Conversely, an estimator of the phase just after superradiance is turned back on φ e (t • + T ) will only include the measurement record at times t ≥ t • + T . The symmetry of the two noise processes with respect to time reversal makes it sufficient to consider only the first case.
Definition of the standard quantum limit
The standard quantum limit (SQL) on phase measurement in the absence of any entanglement between atoms is set by quantum projection of each atom in the ensemble into either |↑ or |↓ . In ideal Ramsey spectroscopy, the Bloch vector's projection during the dark time T is maximum J ⊥ = N/2 and the SQL phase measurement variance for an ensemble of N atoms is σ 2 SQL = 1/N . After accounting for the fact that at the optimum repumping rate w pk , the projection is reduced to J ⊥ = N 2 √ 2 , the corresponding SQL for measuring φ(t) would bẽ σ 2 SQL = 2σ 2 SQL . In an ideal Ramsey measurement, we have perfect state preparation, but the superradiant sensor requires an initialization measurement that also has some uncertainty. The variance on the differential estimator of the superradiant measurements φ e (T ) − φ e (0) is then 2σ 2 e .
